We use the conformal bootstrap to study conformal field theories with O(N ) global symmetry in d = 5 and d = 5.95 spacetime dimensions that have a scalar operator φ i transforming as an O(N ) vector. The crossing symmetry of the four-point function of this O(N ) vector operator, along with unitarity assumptions, determine constraints on the scaling dimensions of conformal primary operators in the φ i × φ j OPE. Imposing a lower bound on the second smallest scaling dimension of such an O(N )-singlet conformal primary, and varying the scaling dimension of the lowest one, we obtain an allowed region that exhibits a kink located very close to the interacting O(N )-symmetric CFT conjectured to exist recently by Fei, Giombi, and Klebanov. Under reasonable assumptions on the dimension of the second lowest O(N ) singlet in the φ i × φ j OPE, we observe that this kink disappears in d = 5 for small enough N , suggesting that in this case an interacting O(N ) CFT may cease to exist for N below a certain critical value.
Introduction and Summary
The conformal bootstrap [1] [2] [3] [4] has recently reemerged as a powerful tool for obtaining non-perturbative information about the operator spectrum and operator product expansion (OPE) coefficients of conformal field theories (CFTs). Introduced originally in the context of two-dimensional CFTs [1] [2] [3] [4] , this technique has been applied to higher-dimensional CFTs only recently starting with the work of [5] . The bootstrap uses the crossing symmetry of correlation functions of CFTs to put an infinite set of constraints on the CFT data. While it is difficult to solve these constraints exactly in d > 2, the recent reformulation of the bootstrap uses unitarity to rephrase the constraint problem as a convex optimization problem, which can be numerically solved to get bounds on the CFT data in any number d of spacetime dimensions (see, for example, ). In several cases [18, 29, 35, 38] , these bounds have featured kinks that are believed to be located very close to known CFTs. The conformal bootstrap has therefore allowed these known CFTs to be studied nonperturbatively.
A recent notable application of these techniques has been to CFTs with global O(N ) symmetry in d = 3 [18] . This class of CFTs are of interest because they include the critical O(N ) vector model, which has several physical applications for d = 3 and N ≤ 3. In correspondence [51, 52] . In d > 4 spacetime dimensions, the quartic operator (φ i φ i ) 2 is irrel-evant, so there is no IR fixed point in this case that can be reached from the theory of N free scalars perturbed by this quartic operator. However, it has been proposed [53] [54] [55] [56] that a nontrivial interacting O(N ) theory should also exist for 4 < d < 6 as a UV fixed point from which one can flow to the theory of N free scalars. Such a UV fixed point can itself be thought of as the IR fixed point of the asymptotically free cubic theory of N + 1 scalars
Like in the 2 < d < 4 version described above, when 4 < d < 6, the nontrivial unitary IR fixed point of (1.1) is generically strongly coupled. Perturbative analysis must employ either a large N expansion or an 1 expansion for d = 6 − . An alternative is to avoid the problem mentioned above altogether by using the conformal bootstrap to look at OPE coefficients instead of at scaling dimensions of operators. Ref. [27] determined bounds on the stress tensor and O(N ) current central charges, 2 c T and c J , for
They found that, for large N , the minimum of c J seemed to correspond to the value expected from the large N interacting theory value. It was not clear, however, whether minimizing c J would match the interacting theory at smaller values of N . Notably, in [27] no critical value of N was identified.
In this paper, we find that simply imposing a lower bound on the second lowest conformal primary operator in the O(N ) singlet sector (which we will henceforth refer to as σ 2 ), and then employing the crossing symmetry of the single operator four point function φ i φ j φ k φ l , along with unitarity assumptions, is enough to probe the region in the (∆ φ , ∆ σ ) plane below the free theory value ∆ σ = d − 2. 3 We emphasize that the lower bound on ∆ σ 2 (where this lower bound is chosen to be strictly greater than ∆ σ ) must be chosen judiciously if one's goal is to study the interacting O(N ) theories proposed in [55, 56] . Indeed, in these theories, one has ∆ σ 2 = 4+O(1/N ), where the leading 1/N correction is negative [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . At least at large N , one therefore expects the scaling dimension of σ 2 to be slightly less than four. Similarly, if one were to work in d = 6− dimensions, with 1, a perturbative computation shows that
where again the leading correction in is negative [55, 56] . At least at small , we therefore expect ∆ σ 2 to be slightly less than four. In this paper, we therefore choose the lower bound on ∆ σ 2 to be slightly smaller than four, as informed by the perturbative expansions we just mentioned.
The summary of our paper is as follows. We start with a study in d = 6 − space-time 2 These "central charges" are defined as the numerical coefficients that appear in the two-point functions of the canonically normalized stress tensor and O(N ) current, respectively. If one normalizes the stress tensor and O(N ) current to a fixed number in all CFTs, the central charges mentioned above can be read off from the coefficients with which the stress tensor and of the O(N ) current appear in the φ i × φ j OPE.
3 A similar observation has been made in d = 3 for theories with a fermionic operator ψ [57, 58] .
dimensions, with = .05. The advantage of such a study is that, in principle, we can be guided either by the expansion or by the 1/N expansion, or by both. 4 As we review in more detail in the following section, the expansion provides evidence for the existence of three RG fixed points in the model (1.1), out of which only one is expected to be continuously connected to the interacting O(N ) model in d = 5. In d = 6 − this fixed point exists only for values of N larger than N crit ≈ 1000. Using the bootstrap, we find a kink for N > ∼ 1000 whose (∆ φ , ∆ σ ) values match the 1 perturbative prediction for this fixed point. Interestingly, we find that this kink persists, however, for N < ∼ 1000 as well, and its existence does not seem to be related to one of the other RG fixed points that is expected to exist for all N .
We continue with a study of O(N )-symmetric theories in d = 5. We start with N = 500 and using the large N expansion value for ∆ σ 2 and our most accurate numerics we find a kink at (∆ φ , ∆ σ ) = (1.500409, 2.027) that is very close to the large N expansion values (∆ φ , ∆ σ ) = (1.500414, 2.022) for the critical theory. We then examine N ≤ 40 and find a kink that disappears around 15 < N crit < 22 for a reasonable assumption of ∆ σ 2 , which is consistent with the large N expansion prediction of N crit < 35. We check that our choice of ∆ σ 2 does not qualitatively affect our answers for 6 ≤ N ≤ 40.
The outline of this paper is as follows. In Section 2 we briefly list some relevant facts Lastly, Section 4 contains an interpretation of our results with further discussion.
Note added: As this work was in its final stages, the preprint [61] , which explores the same topic as we do, appeared on arXiv.org.
Review of Nontrivial O(N )-symmetric Theories for
The large N analysis of the interacting O(N ) vector model has been carried out for arbitrary dimension d in [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . For the two cases studied in this work, d = 5 and d = 5.95, we record 4 A slight disadvantage is that it has not been established conclusively whether the interacting O(N ) theories of [55, 56] are unitary in non-integer dimensions. Indeed, in [59] it was noted that free field theories in fractional dimensions are non-unitary, and it was conjectured that the Wilson-Fisher fixed points would share the same feature. In d = 4 − , it can be checked explicitly that high-dimension operators acquire complex anomalous dimensions [60] . The numerical conformal bootstrap may not be sensitive to such mild potential violations of unitarity, as evidenced by the results of [19] on the critical O(N ) model in 2 < d < 4.
that the dimensions for the O(N ) fundamental φ i and the two lowest singlet operators σ and
For d = 5, one can estimate that ∆ φ no longer obeys the unitarity bound ∆ φ ≥ 3/2 if N is smaller than N crit ≈ 35, although this estimate is of course very crude [55, 56] .
In d = 6− , one can also use the 1 expansion computed in [55, 56] for the Lagrangian (1.1). In that study, the β-function β(g 1 , g 2 ) and the anomalous dimensions γ σ (g 1 , g 2 ) and γ φ (g 1 , g 2 ) were computed to three loop order O( 3 ), while the anomalous dimension γ σ 2 (g 1 , g 2 ) was computed to one loop order O( ). The fixed point couplings g * 1 , g * 2 are then found by solving for β(g * 1 , g * 2 ) = 0, and can then be plugged into the anomalous dimensions to find the scaling dimensions at the fixed points. In general there are three distinct solutions (g * 
Note that while one of the solutions with three relevant scalar operators also becomes complex at this point, the other one remains real until
i.e. effectively for all N > 0.
Conformal Bootstrap Numerics
Let us briefly review the formulation of the numerical conformal bootstrap for CFTs with O(N ) global symmetry. For further details, see [18] . Invariance of the four point function of O(N ) fundamental fields
under the exchange (x 1 , i) ↔ (x 3 , k) implies the crossing equation
where O runs over all conformal primaries in the OPE φ i ×φ j . Here, λ rank-two symmetric traceless tensors, and rank-two anti-symmetric tensors, respectively.)
As in [18] , we normalize the OPE coefficient of the identity operator λ Id =1.
To find bounds on the scaling dimensions of operators appearing in the φ i × φ j OPE, one can consider linear functionals α satisfying the following conditions:
where ∆ * R,J are the assumed lower bounds for spin-J conformal primaries (other than the identity) that appear in the φ i × φ j OPE and transform in the O(N ) irrep R. The existence of any such α would contradict (3.2), and thereby would allow us to find a combined upper bound on the lowest-dimension ∆ * R,J of the spin-J conformal primary in irrep R. If we set ∆ * s,0 = ∆ σ and all other ∆ * R,J equal to the corresponding unitarity value, we can then find disallowed points in the (∆ φ , ∆ σ ) plane. As mentioned in the introduction, this procedure gives a monotonically increasing upper bound for ∆ σ vs. ∆ φ , and the interacting theories discussed in 4 < d < 6 dimensions discussed in the previous section sit well within the allowed region.
To overcome this difficulty, we modify the procedure mentioned above and look for functionals α satisfying
The existence of such a functional α disproves the existence of an O(N )-symmetric SCFT for which the conformal primaries appearing in the φ i × φ j OPE satisfy the following conditions:
• The lowest spin-0 O(N ) singlet has dimension ∆ σ .
• All other spin-0 O(N ) singlets have dimensions larger than ∆ * s,0 .
• All spin-J conformal primaries other than spin-0 Lorentz singlets have dimension larger than ∆ * R,J .
From now on we set ∆ * R,J equal to the unitarity bound for all (R, J) = (s, 0), and we interpret ∆ * s,0 as a lower bound on the second lowest dimension ∆ σ 2 of a spin-0 O(N ) singlet conformal primary. We denote this second lowest dimension by ∆ σ 2 because in the interacting O(N )-symmetric theory described by the Lagrangian (1.1) the corresponding operator is σ 2 .
The numerical implementation of the above problem requires two truncations: one in the number of derivatives used to construct α and one in the range of spins J that we consider, whose contributions to the conformal blocks are exponentially suppressed for large spin J. We denote the maximum derivative order by Λ (as in [34] ) and the maximum spin by J max . The truncated constraint problem can then be rephrased as a semidefinite programing problem using the method developed in [5] . This problem can be solved efficiently by freely available software such as sdpa gmp [62] . The limiting factor in this implementation of the numerics is the parameter Λ. In this study we were able to compute numerically stable results for Λ ≤ 21 and spins up to J max = 30. In each of the following cases we specify what values of Λ and J max were used.
Bounds for d = 5.95
In Figure 1 we show bounds on ∆ σ in terms of ∆ φ in d = 5.95 for N near (N = 1000) the large N expansion N crit ≈ 1000, as well as above (N = 1400) and below (N = 600). In obtain fixed points whose critical couplings acquire imaginary parts. These fixed points therefore continue as non-unitary theories for N < N crit . 5 We can speculate that the kinks in Figure 1 for N ≤ 1000 are linked to these non-unitary theories, where the violations of unitarity are too small to be detected by our numerics. It would be very interesting to find a way of reproducing N crit ≈ 1000 from a bootstrap computation, and we leave this question open for future work.
It is also worth noting that in Figrure 1 there is a less pronounced second kink close to the kink at ∆ σ ≈ 2 we just discussed. However, this second kink becomes less and less pronounced as we increase the parameter Λ in our numerics-see Figure 2 for a comparison between Λ = 17, Λ = 19, and Λ = 21 when N = 1000. We notice that the disallowed region becomes significantly larger as we increase Λ, but the main kink around ∆ σ ≈ 2 discussed above is rather well-converged. The same phenomenon is observed also for N = 600 and N = 1400. 
Disallowed Allowed

Bounds for d = 5
Let us now show numerical bootstrap bounds in d = 5. In Figure 3 we show bounds on ∆ σ in terms of ∆ φ for N = 500, with J max = 25, 30 and Λ = 19, 21 respectively. The value N = 500 is large enough that we can use the 1/N expansion in (2.1) reliably. In particular, we use ∆ σ 2 = 3.965 as an accurate lower bound for our computation. As in the d = 5.95 plots described above, the global shape of the allowed region in the (∆ φ , ∆ σ ) plane shows a kink below the free theory value ∆ σ = 3. For Λ = 21, this kink is located at (∆ φ , ∆ σ ) = (1.500409, 2.027), which matches the large N values computed from (2.1) rather well. (To the accuracy in (2.1), we have (∆ φ , ∆ σ ) ≈ (1.500414, 2.022).) Note that as we increase Λ, the kink seems to roughly move along the lower border of the allowed region, which does not change significantly. It is encouraging that the analytical approximation marked by a red dot in Figure 3 also lies very close to the lower border of the allowed region, because it is likely that as we increase Λ the kink would move closer to the red dot.
In Figure 4 we show bounds on ∆ σ in terms of ∆ φ for a range of N near N crit ≈ 35 as approximated by the large N expansion. These plots were made under the assumption that σ is the only scalar operator with dimension less than ∆ σ 2 ≥ 3. At the low values of N considered in Figure 4 the large N expansion for ∆ σ 2 (2.1c) no longer provides an accurate estimate for the lower bound on ∆ σ 2 . We chose ∆ σ 2 ≥ 3.8 as a reasonable estimate, considering that at N > 200 the large N expansion is reasonably accurate, gives ∆ σ 2 > 3.9, and tends to be monotonically increasing with N fairly slowly.
In Figure 5 we show that considering large or smaller bounds for ∆ σ 2 does not qualitatively change the features in our plots, in particular the appearance or lack of appearance of a kink, for the highest (N = 40) and lowest (N = 6) values of N that we consider. Note that a kink does not appear if we assume a less stringent bound on ∆ σ 2 , so we can say reliably that our plots feature no kinks for small values of N and physical values of ∆ σ 2 . (Recall that we expect ∆ σ 2 to be less than 4 for the interacting O(N ) models proposed in [55, 56] .)
These plots were computed for J max = 25 and Λ = 19. 
Discussion
We end with a discussion of our results. Our main observation in this work is that one can study interacting O(N )-symmetric CFTs in more than four spacetime dimensions using the conformal bootstrap, and that the conformal bootstrap provides evidence for the RG fixed points found in [55, 56] . Moreover, we provide evidence that the conformal bootstrap can lead to a precision study of these theories, as they seem to be located near sharp features (kinks) in the space of allowed scaling dimensions for certain operators. More explicitly, our strategy is to consider the O(N )-singlet conformal primaries that appear in the OPE φ i × φ j of two O(N ) fundamental operators, and impose a bound (that we hold fixed) on the second lowest dimension ∆ σ 2 of such an operator. Then varying the lowest scaling dimension ∆ σ of such an O(N ) singlet, we find an allowed region that exhibits the kink around ∆ σ ≈ 2,
where the interacting theories of [55, 56] were expected to exist. For large values of N , we match the location of this kink with results coming from the large N expansion.
There are several questions that we leave open and that we hope to come back to in the future. Perhaps the most interesting one is how to determine precisely whether in d = 5 there exists a critical value of N below which the interacting O(N ) theory of [55, 56] ceases to exist.
We noticed in Figure 4 that under a reasonable assumption on ∆ CFT for N < 15. 6 It would be very interesting to find a systematic way of determining the precise value of N crit in this case. Perhaps one way to proceed would be to examine whether there are any qualitative changes in the spectrum of operators for a potential CFT that lives at the kink as one varies N using, for instance, the method of [16, 29] .
Along these lines, it is worth pointing out a similarity between our study and that of [38] , where Z 2 -invariant CFTs were examined in d < 3. For d ≥ 3, the upper bounds on the dimension ∆ σ of the lowest scalar that appears in the φ × φ OPE (where φ is the lowest dimension Z 2 -odd operator) exhibit a kink in the (∆ φ , ∆ σ ) plane corresponding to the Ising model. Below d = 3, this kink splits into two distinct kinks, and a careful examination of the operator spectrum near these kinks shows that, if these kinks were to correspond to CFTs, they would be of different nature than the Ising model in d ≥ 3. We did observe a second kink d = 5.95 in Figures 1 and 2 , but it is currently unclear whether this second kink gets washed out as we increase the parameter Λ in our numerics. It would therefore be very interesting to increase Λ further, perhaps using a different semi-definite programing solver from sdpa gmp. If the second kink does not get washed out, it is conceivable that its appearance could be correlated with the lack of unitarity that occurs at the critical value of N .
While in this work we focused on a two-dimensional section in the space (∆ φ , ∆ σ ) for a fixed lower bound on ∆ σ 2 , it would be interesting to let this lower bound on ∆ σ 2 vary and obtain a three-dimensional plot. Alternatively, one can assume that in the O(N )-singlet sector there are only two relevant conformal primary operators, σ and σ 2 , and vary their dimensions to obtain a three-dimensional plot. Preliminary exploration shows that a fixed ∆ σ 2 section of such a plot coincides with the plots shown in this paper where we simply impose a lower bound on ∆ σ 2 .
Lastly, it would be desirable to extend the bootstrap studies we performed beyond using the crossing symmetry of a single four-point function. In the d = 3 Ising case, such an extension provided a much more constrained allowed region in the (∆ φ , ∆ σ ) plane that includes a small island around the Ising point. We leave such a study in d = 5 for future work. 
